It is shown that a broad class of cavity quantum electrodynamics (QED) problems -which consider the resonant propagation of a single photon interacting with quantum emitters (QEs), such as atoms, quantum dots, or vacancy centers -can be solved directly without application of the second quantization formalism. In the developed approach, the Hamiltonian is expressed through the ket-bra products of collective (photon + cavities + QEs) states. Consequently, the S-matrix of input-output problems is determined exactly by the Mahaux-Weidenmüller formula, which dramatically simplifies the analysis of complex cavity QED systems. First, this approach is illustrated for the problem of propagation of a photon resonantly interacting with N two-level QEs arbitrary distributed inside the optical cavity. Solution of this problem manifests the effect of cumulative action of QEs previously known for special cases. Can a similar cumulative action of QEs enhance the inelastic resonant transmission of a single photon? We solve this problem for the case of an optical cavity having two modes resonantly coupled to electronic transitions of N three-level QEs. It is shown that the described structure is the simplest realistic structure which enables the down-conversion of the single photon frequency with the amplitude approaching unity in the absence of the external driving field and sufficiently small cavity losses and QE dissipation. Overall, the simplicity and generality of the developed approach suggest a practical way to identify and describe new phenomena in cavity QED. 
INTRODUCTION
The solution of the majority of equations describing complex quantum systems cannot be found without simplifications based on additional physical assumptions. For variety of systems, the simplification consists in selecting a relatively small number of states, which the system can populate during the process under interest, while ignoring all others. For the input-output problems commonly considered in quantum electrodynamics (QED) [1] [2] [3] , this may happen when the energy of the incident particle is close to the eigenenergies of one or more localized states of the system. For example, Fig.   1 (a) illustrates a system of two semi-infinite waveguides weakly coupled to a single state Ψ is close to the input particle energy Ω  and separated from other eigenenergies, then the expression for the resonant transmission amplitude from waveguide 1 to waveguide 2 is reduced to the Breit-Wigner formula [4, 5] : 11 12 12 (0 The eigenenergy of this state is determined by the amplitudes of transition g e ↔ induced by the evanescent fields of waveguides [17] , while
Im Ω is the dissipation rate of the excited state of QE. For relatively small dissipation, , and equal coupling, 11 12 W W = , the transmission amplitude 12 1 S = . This means that a single QE can support the full transmission of a single photon between weakly coupled waveguides with the probability equal to unity. This result is similar to that obtained previously [14, 15] .
Fig. 2. Illustration of eigenfunctions of the Hamiltonian H of identical photons and a two-
level QE in an optical cavity defined by Eq. (2) . Each of these eigenfunctions is the collective state of several identical photons localized in the cavity and a QE in its ground or excited state.
The rectangle outlines two states, which should only be taken into account for the resonant transmission of a single photon.
The above arguments, which validate the application of the Breit-Wigner formula, Eq. (1), to the problem of resonant propagation of a single photon, are not based on the second quantization formalism. These arguments suggest significant simplification of equations commonly used to describe the resonant propagation of a single photon and, presumably, a few photons. Instead of separating the Hamiltonian of the system into the part describing the photons, which is expressed through the products of creation and annihilation operators, we can present it in the standard form as 
The first line in this equation presents H in terms of photon creation and annihilation operators, † b and b . The second line is the representation of H through the ket-bra products of its eigenfunctions n c and n a illustrated in Fig. 2 ω ω ω
Here we note that the approach based on the reduction of the Hamiltonian expressed through the creation and annihilation operators [first line in Eq. (2) ] to the Hamiltonian expressed only through its resonant eigenfunctions (Eq. (3)) is quite general. In this paper, we develop this approach in application to the problem of resonant propagation of a single photon through complex structures of optical cavities and QEs. This problem is reduced to the input-output problem considering several localized states coupled to several waveguides illustrated in Fig. 3 , which, as was shown by Mahaux and Weidenmüller in 1969, can be solved exactly [18] [19] [20] . The celebrated Mahaux-Weidenmüller formula introduced in Sec. II is the generalization of the Breit-Wigner formula, Eq. (1), to the case of multiple resonant input-output and localized states. It has been applied previously to a range of problems in nuclear scattering [18] [19] [20] [21] , conductance of microelectronic and nanoelectronic devices [22] [23] [24] , and transmission of photonic microstructures [25] [26] [27] [28] . However, the applications of this formula to the cavity QED problems -leading to their analytical solutions -have not been thoroughly This article is organized as follows. After introducing the Mahaux-Weidenmüller formalism in Sec.
II, we proceed with its applications. To this end, we reformulate the problems of resonant propagation of a single photon in terms of the eigenfunctions of corresponding Hamiltonians. Similar to the example considered above, these eigenfunctions represent the collective states of a photon and QEs. In Sec. III, we consider the resonant propagation of a single photon interacting with two-level QEs in an optical cavity [14, 15, [29] [30] [31] [32] [33] [34] [35] [36] . This classical problem is reduced to the consideration of 1 N + localized collective states and two semi-infinite waveguide collective states. We show that, for this case, the Mahaux-Weidenmüller formula yields the expressions for the S-matrix generalizing those obtained previously using special forms of QED Hamiltonians. In particular, we show that the resonant transmission amplitude of a single photon can approach unity due to the cumulative action of QEs. This result points us to the question of whether a similar cumulative action of QEs can enhance the inelastic transmission of a single photon and, in particular, ensure its complete frequency conversion. In Sec.
IV, we address this question by considering the problem of inelastic resonant transmission of a single photon through an optical microcavity with two eigenfrequencies resonantly coupled to three levels of N QEs. We determine the conditions of complete frequency conversion of a single photon and analyze the effect of cumulative action of QEs in this process. In Sec. V, we discuss and summarize the results obtained.
II. MAHAUX-WEIDENMÜLLER FORMALISM
The Mahaux-Weidenmüller theory [18] [19] [20] 
+
. . ,
where the couplings between states and waveguides are assumed to be real [19] 
III. SINGLE EIGENFREQUENCY OPTICAL CAVITY COUPLED TO N TWO-LEVEL QUANTUM EMITTERS
It is instructive to demonstrate the application of the Mahaux-Weidenmüller formalism to the classical problem of the resonant propagation of a single photon through a single eigenstate of an optical microcavity coupled to N two-level QEs illustrated in Fig. 4(a) The S -matrix of the considered structure can be directly found from Eq. (5) 
For identical QEs arbitrary distributed in the cavity, we have 
where 1 V is the root-mean-square of cavity-QE couplings 1n V . For the case of a single QE, 1 N = , and symmetric waveguide-cavity coupling, 11 
12

W W =
, this result coincides with that found previously [14, 15] . It follows from Eq. (7) that the contribution of N identical QEs to the scattering matrix is the same as that of a single QE with the cavity-QE coupling
N V [30, 37] . For negligible interactions with QEs,
S in Eq. (7) 
This equation can be satisfied for large N even if the average cavity-QE coupling 1 V is small. Since the process of interaction of a photon with QEs and microcavity is inelastic and dissipative, the possibility to reach the unity value of the transmission amplitude of a photon by increasing the number of QEs is not obvious. Figure 5 shows the behavior of transmission probability . Thus, similar to the previous example, the cumulative action of N QEs distributed in a waveguide can lead to the complete reflection of a single photon.
IV. DOUBLE EIGENFREQUENCY OPTICAL MICROCAVITY COUPLED TO N THREE-LEVEL QUANTUM EMITTERS
It is well known [5] and immediately follows from the Breit-Wigner formula, Eq. (1), that the resonant transmission amplitude reaches unity at exact resonance
Re Ω = Ω for the symmetric structure with relatively small internal losses
Similarly, as discussed in the previous section, Sec. III, the resonant interaction with a single QE can reflect a photon propagating along the infinite waveguide with the amplitude approaching unity [14] . It is crucial that under the condition of Eq. (8) the latter effect can be enhanced by the cumulative action of QEs. It is of great interest to find out if, similarly, the cumulative action of QEs can support the inelastic transition of a single photon to the amplitude close to unity. In the system considered in Sec. III, a photon state in the optical cavity is set in resonance with transitions between two levels of QEs. Propagation of a photon through such system cannot change its frequency due to the energy conservation. In order to enable the frequency conversion of a single photon, it is necessary to consider its interaction with QEs having more than two resonant levels.
As noted in the Introduction, the Breit-Wigner formula, Eq. (1), can describe the inelastic propagation of a particle. Then, the input state should be considered as a collective state of this particle and the environment, which forms a closed system together with this particle. As an example, Eq. (1) can describe the inelastic resonant transmission of a single photon interacting with a three-level QE in an optical waveguide [38] [39] [40] . In this case, the collective states 1,Ω However, the realization of the described system, which performs the inelastic transition of a single photon with the amplitude close to unity, is challenging. In fact, while the input photon frequency ω can be set in resonance with frequency 
The question remains of whether, in the absence of an external driving field, the complete conversion of the single-photon frequency is indeed feasible.
In this section, we describe a simplest realistic system of an optical cavity and QEs, which exhibits the complete down-conversion of the single photon frequency in the absence of external driving field.
In this system, two states of the optical cavity are in resonance with two transitions between three different levels of QEs. In contrast to the resonant structures considered previously [38] [39] [40] , the frequencies of both QE transitions are now in resonance with the cavity eigenfrequencies. Therefore, neglecting all other possible QE transitions is justified. Unlike the interaction with two-level QEs considered in the previous section, we find that the cumulative effect of QEs in this case is partial only.
We consider a system consisting of an optical microcavity with two states, 1 u and 2 u , and N three-level QEs inside. The optical states are coupled to two waveguides so that state m u is coupled to waveguide m only. Possible models of such cavities are illustrated in Fig. 6(a) . The model illustrated at the top of Fig. 6(a) consists of an optical resonator coupled to the input and output waveguides through weakly transparent mirrors. The one-dimensional configuration of the cavity states shown at the bottom of Fig. 6 (a) requires special design of the optical cavity structure, which is described in Appendix B. For the application of our concern, the resonant structures shown in Fig. 6 (a) can be fabricated of Fabry-Perot [44] [45] [46] [47] , photonic crystal [48, 49] , toroidal [50] , bottle [51] , and SNAP [52, 53] microresonators. 
In the system described, a photon can either exit from cavity state 1 u through waveguide 1 with the amplitude 1,1 S and conserve its original frequency ω , or propagate through QE n and cavity state ,2  2  2  1  2  2  1  2  2  1  2  2 2 , 
V. COMPLETE FREQUENCY DOWN-CONVERSION IN THE ABSENCE OF LOSSES
We assume that couplings to QEs are independent of their number as, e.g., for QEs situated near an antinode of the optical cavity (see, e.g., [33] [34] [35] ) and set N V V → transfers this equation to the case of a single QE, 1 N = and reduces the problem to the well-known problem of resonant propagation through three successively coupled collective localized states illustrated in Fig. 6(d) (see e.g., [26] Horizontal white dashed line in (d) corresponds to ultraflat behavior of P described by Eq. 
a c e m Γ = Γ =, we can find the general condition when the inelastic transmission probability P determined by Eq. (12) achieves unity. Specifically, the criterion of the equality 1 P = derived in Appendix C is given by two simultaneous equations: 
Here we limit our consideration by a special case when the cavity eigenfrequencies are tuned to the exact resonance with frequencies of the QE transitions, 2  1  2  2  2  3  2  2  2  2  2  1  2  2  1 4 ( , , , ) 1 ( , , , ) P ϒ ϒ Ξ ∆ corresponding to particular relations between m ϒ and Ξ when P can achieve unity. It is seen that for the exact resonant structure the spectrograms are symmetric with respect to ∆ (see Appendix A). Generally, satisfaction of Eq. (17) is sufficient for P to achieve unity at 
known as the Butterworth filter profile in the theory of signal processing (see, e.g., [28] ). Finally, the sufficient condition ϒ =ϒ =Ξ for the unity probability P following from Eqs. (16) is illustrated in Of special interest is the situation when only a single waveguide is coupled to an optical cavity as illustrated in the top of Fig. 6(e) . The model of collective states shown in Fig. 6(b) is valid in this case as well, though now the inelastic transmission amplitude calculated in Sec. V corresponds to the inelastic reflection amplitude back into the same waveguide. Assuming that the waveguide-cavity coupling is a weak function of wavelength, we set 11
22
W W = , i.e., 1 Ξ = . Then we find from Eqs. (15) and (16) Let us now investigate the direct waveguide-QE resonant coupling. Without loss of generality, we consider the case of a single input-output waveguide illustrated in the bottom of Fig. 6 In a more general case, QEs are situated in different positions inside the optical cavity. In the absence of losses, 2  2  2  11 22  1  0  2  2  2  2  1 2  11  22 4 ,
This equation shows that the complete frequency conversion takes place if 
The top of Fig. 6(a) shows the configuration of two localized optical states and QEs positioned in the region where these states overlap. Each of these states is coupled to only one input-output waveguide. It is apparent that the mirrors of this cavity can be designed so that the relation 1 2 ( ) ( ) u u β = r r is accurately satisfied near the antinodes of these states.
The design of an alternative one-dimensional configuration of optical states shown in the bottom of / V V β = , the waveguide-cavity coupling can be adjusted as described above.
The analogy of the frequency conversion scheme considered here and the SPRINT scheme (see Refs.
[ 43, 54] and references therein) should be noted. In fact, for the case of one atom, 1 N = , symmetric coupling, 11 22 
VI. DISSCUSSION
The Mahaux-Weidenmüller formalism [18] [19] [20] , which was developed here for the resonant propagation of a single photon in cavity QED, allows one to consider systems consisting of a large number of quantum particles and collective excitations distributed inside microcavities without the application of the second quantization method. In this formalism, the Hamiltonian of the system is presented as a linear combination of ket-bra products of its eigenfunctions [Eq. (4)]. In the simplest case, these eigenfunctions can be the states of a single physical particle. In more general cases considered in this paper, they are the collective states of several particles or excitations, whose total
energy Ω  is conserved in the process of propagation. The resonant approximation for the input-output problems consists in selecting the states of the system whose energy is close to the energy Ω  of the input collective state and ignoring all other nonresonant states. It is often favorable to perform this selection directly in the original Hamiltonian of the system. An example of replacing the Hamiltonian of identical photons and a two-level QE in an optical cavity having infinite number of eigenstates by just two resonant collective states of a single photon and QE is given in the Introduction. Developing this approach further, we considered the inputoutput problems for a single photon resonantly propagating through optical cavities with two-and three-level QEs inside. The eigenstates of these systems were selected in the form of a collective state of a photon and N QEs interacting with it.
The energy Ω  of the input collective state can be redistributed within the components of this state in the process of transmission. Then, a particle (being a part of a collective state) can be transmitted inelastically and, as a result, resonantly acquire or release (respectively, the environment within the collective state can release or acquire) an energy. It is worth noting that the exchange of energy between the propagating particle (in our case -a single photon) and environment is analogous to the exchange of energy between degrees of freedom of a wave resonantly propagating through a localized state in three-dimensional space, whose transmission amplitude can be determined by the BreitWigner formula, Eq. (1) [55, 56] . While the total energy of the input wave is conserved, the energy of its transverse degrees of freedom can be transferred to or acquired by its longitudinal degree of freedom. Another example analogous to the inelastic transition of a photon interacting with QEs considered in this paper is the inelastic transition of an electron resonantly interacting with electromagnetic field in a quantum well structure. In fact, it was shown in Ref. [57] that the amplitude of such transition can approach unity. Remarkably, the expression for the transmission amplitude derived in Ref. [57] through cumbersome calculations directly follows from the Mahaux-Weidenmüller formula.
In Sec. III of this paper, we demonstrated the strength of the suggested approach considering the classical problem of resonant propagation of a single photon interacting with two-level QEs in an optical cavity [14, 15, [29] [30] [31] [32] [33] [34] [35] [36] . The direct application of the Mahaux-Weidenmüller formula to this problem allowed us to arrive at the general analytic expressions for the transmission and reflection amplitudes of a single photon, which coincided with previous results in particular cases. The important effect manifested by the derived expressions is the cumulative action of QEs. We have shown that the probability of resonant transmission of a single photon can approach unity if the number of QEs interacting with it is sufficiently large. The cumulative action of atoms was described in several experiments [31] [32] [33] [34] [35] . However, not much has been published regarding the solution of the general input-output problem for a single photon resonantly interacting with two-level QEs [Eq. (6)]. While the interaction of a photon and a QE inside the cavity is inelastic in this problem, the input and output photons have the same energy, i.e., the total process results in the elastic transmission of the photon.
The described cumulative action of QEs, which enhance the resonant elastic transmission probability of a single photon, led us to the question of whether a similar effect can increase the probability of inelastic transmission of a single photon up to the value close to unity and, thus, ensure its complete frequency conversion. The principal barriers on the way to demonstrating the complete resonant conversion of the single photon frequency in microscopic cavity QED systems arise from the difficulty to achieve the sufficient resonant enhancement of interactions between the photon and QEs and, in addition, to arrive at the condition of symmetric coupling [e.g., the equality of 11 W and 12 W in Eq. (1)]. While these barriers can be overcome by application of the external driving field [41] , the realistic undriven microscopic structure where all selected transitions of QEs are in resonance with optical cavity eigenstates and, thus, maximally enhanced to enable the complete conversion of the single photon frequency has not been sufficiently investigated.
In Secs. IV and V of this paper, we described the simplest resonant cavity QED system, which enables the complete down-conversion of a single photon frequency in the absence of an external driving field.
This system consists of an optical cavity having two states, which resonantly couple to two electronic ( )
The S-matrix of the resonant propagation of a single photon through a system of an optical cavity and N two-level QEs, which is considered in Sec. IV, can be found by setting in Eq. (5)
iπ 
where The S-matrix of the resonant propagation of a single photon through a system of an optical cavity with two eigenfrequencies and N three-level QEs, which is considered in Sec. IV, can be found from Eq. (5) 
where 
In order to find the inverse of the matrix in Eq. (A6), we partition it as 
and, again, apply Eq. (A1). As the result we find: In the absence of losses, 2  2 2 2  11 22 1 2  2  2  3  2  2  2  2  2  2  2  2  2 2  2 2  11 22  1  2  11  22  11 2 
As follows from Eq. (A11), the transmission probability is, in general, an asymmetric function of .
ω ∆
However, Eq. (A11) shows that it is the symmetric function of ω ∆ for the lossless system satisfying the exact resonance condition indicated.
APPENDIX B
Here we present a model of microcavity illustrated in the bottom of Fig. 6(a) . We compose it of three weakly coupled short-range cavities illustrated in Figs. 8(a) and 8(b) . The optical states localized in this cavity are defined by the model wave equation: , d) shows the third localized state of the microcavity which is strongly coupled to both waveguides and therefore is not appropriate for our application. 
To simplify this condition, we recall that the unity transmission corresponds to its maximum, i.e., to the minimum of the denominator in Eq. (12) and (C7) presents the criterion for the inelastic transmission probability equal to unity. These equations are equivalent to Eq. (14) of the main text.
